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PAPER I:ALGEBRA
1. a)lf p is a prime number and G is a group of order p", n > 1 then prove that the centre of G
has at least ‘p’ elements.
b) Let p be a prime dividing o(G). Show that every sylow p-subgroup of G/K is of the form

PK/K, where P is a sylow p-subgroup of G.
c)Prove that the product of any two ideals of a ring R is also an ideal of R. (2+2+1)
2. a)Define an Euclidean ring. Show that the ring I of all integers is a Euclidean ring.
b) Let Fbeafield. IFA={(x,y,0):x,y € F}, B={(0, Yy, 2): y, z €F} be subspaces of
F3(F), find the dimension of the subspace A+B.
c)If W is a subspace of a finite dimensional vector space V, define the annihilator A(W) of a
subspace W. Further show that
i) AW, + W,) = A(W,) nAW,)
i) AW, W) = AW, + A(W,). (1+2+2)
3. a) Let T be a linear operator on a vector space V over F. If Wy, W, . .. W are T-invariant
subspaces of V, prove that £*_, W, and N, w, are T-invariant subspaces of V.
b) If f(x) € F[x] is irreducible over F, then show that all its roots have the same multiplicity
PAPER I1:ANALYSIS-I ﬂ ﬂ ﬂ .
1. a)Provethat |x +v|* + |x — v|* = 2|x|* +2|v|=, if x € RF and v € R*. Interpret this
geometrically, as a statement about parallelograms.
b) Construct a bounded set of real numbers with exactly three limits points.

c) Prove that every connected metric space with at least two points is uncountable..
2. a) Prove that every convex subset of r* is connected.

b) Suppose # is differentiable on (0,22, £ is bounded on (0,2) and f(x) — 0, as

x — oo, then prove that f'(x) — oo as x — oo,

c) Suppose f is bounded real function on [a, 5] and £ € R on [a, b]. Does it follow
that f € R? Does the answer change if we assume that F* € R?

3. a) Prove that let {f,,] be uniformly bounded sequence of functions which are
Riemannian integrable on [, b]and put F, = [7 £, (£)dt, a =x = b then there
exists a subsequence {F..} Which converges uniformly on [a, &].

b) If f(x) = O for all irrational x, f{x) = 1 for all rational x then prove that f € & on
[a. b] forany a = b,
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PAPER I11:ANALYSIS-11

1. a) Prove that every uniformly convergent sequence of bounded functions is uniformly
bounded.
b) Let {£,}¥_, be a sequence of continuous functions which converges uniformly to a

function F on a set E. Prove that lim, . f.(x,) = f(x) for every sequence of points
x, € E.suchthat x, — xand x € E. Is the converse of this true?

2. a) Consider fix) =X7_, 1_+ For what values of x does the series converges absolutely?

On what intervals does it converge uniformly? On what intervals does it fail to converge
uniformly? Is f continues wherever the series converges ? Is f bounded.

b) Consider f(x) = E,f=1:—“ where x is real. Find all discontinuous of f and show that

they form a countable dense set. Show that f is nevertheless Riemann-integrable on every

bounded interval.

c)Letx, =1 —%— ==+ % and define v,, = x,, — legn. Show that the sequence (v, ] tends
to a limit v. Where 0 < v = 1. Deduce that 1 — }— }— = log 2.

3. a) If the partial derivatives f. and £, exists and are bounded in a region ® = R, then £ is
continuous in R.

b) If f(0,0)=0 and F(x v)=—2_ if (x,1) = (0,0). Prove that (D,f)(x.¥) and

X

(D,f)(x ) exists at every point of RZ, although £ is not continuous at (0,0}
c) Take m = »n = 1 in the implicit function theorem and interpret the theorem graphically.

PAPER IV:DIFFERENTIAL EQUATIONS

1. a) Find the transformation which transforms a,(t)x + a4(t)x + a,(t)x = 0into an

equation whose in the first derivative term is absent.

b) Show that the function {t*,|*|} are linearly independent on [—1,1] but not on [—1,0]
2. a) Given a solution of (1 — t?)x — 2tx + 6x = 0,¢, (t) = 37 — 1. Find its general
solution.
b) Solve x‘* + 4x = 2sint + 4e® + 1 + 3¢? by using the method of undetermined co-
efficients.
3. a) Solve the nonlinear equation p* — 3g*— u = 0 with Cauchy data u(x, @) = x* using
Cauchy method of characteristics.
b) Find the solution of the heat equation of u, = c?u__ ; 0 < x < I; 0 <t < x when
subjected to the Neumann conditions (0,t) = k,, u(l,t) = k,; and an initial condition

u(x.0) = @(x) for all x.
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PAPER V:COMPLEX ANALYSIS

1. a) Show that there are complex numbers z satisfying |z — a|+|z + a| = 2|c|

if and only if |a| = |c|. If this condition is fulfilled, what are the smallest and
largest values of |z|?
b) Find the radius of convergence of the following power series.
NIZ  i)Zazt i) T
c) If ¥ a, converges, then show that f(z) = £ a,z" tends to £(1) as z approaches
1 in such a way that 11_% remains bounded.

2. a) Let H( D) denote the set of all analytic functions defined on an open set D and
f € H(D). Let z, be any point of D such that f'(z,) = 0 then show that f is
conformal at z. Further give an example for isogonal mapping which is not

conformal.
b) Show that the cross ratio (z,,z,,24, 2.} is real if and only if the four points lie on a

circle or on a straight line.
c) If the function f{z) is analytic on a rectangle R, then show that IER Flz)dz= 0.

3. a) State and prove the argument principle.
b) Evaluate the following integrals.

. 2r  d#f .. o x
i) I, ii). J” A_id—_t_-,

2+cosf

¢) Show that non-constant entire functions are unbounded.
PAPER VI: TOPOLOGY
1. a) Let X be the topological space. Suppose that ¢ is a collection of open subsets of X
such that for each open set I/ of X and each xin U4, there is an element C of C such
that x € C < U. Then show that ¢ is a basis for the topology of X.
b) Let , denote R with lower limit topology and ;. denote F with K -topology.
Then show that the topologies of ,andE;.are not comparable.
2. a) Let x and ¥ be the topological spaces. Let =, and 7, be the projections of ¥ x ¥
onto X and ¥, respectively. Show that the collection
S§={m7 ()| Uopenin X} U {7 (V)| V openin Y]
is a subbasis for the product topology on X x Y.
b) Let X be the topological space and 4, 5 = X. Then prove the following.
i)IfAcBthen a® =B i) (4nB)Y!=4"nBY ii). A°uvBc(auB)l
Further give an example to show that equality does not hold good.
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c) Prove that for functions f: R — R, the - definition of continuity implies the open
set definition.
3. a) Show that a path connected space X is necessarily connected. Is converse true?

Justify.
b) Show that every compact subspace of a metric space is bounded in that metric and
is closed. Find a metric space in which not every closed bounded subspace is
compact.
c) Show that every well-ordered set X is normal in the order topology.

PAPER VII: MEASURE THEORY & FUNCTIONAL ANALYSIS
1. a) Prove that the interval (a, «) is measurable. Deduce that every Borel set is measurable.

b) Prove that a bounded function defined on a set of finite measure is Lebesgue integrable if
and only if it is measurable.

c) Define the Lebesgue integral. Consider (x) = Ei‘iﬁ%);[c_lrr__][xjj v € [0,1], where xis
the characteristic function. Find the Lebesgue integral Sfo fon[01].
2. a) Let f >0 and measurable. Show that Ja sequence {o,} of simple functions > ¢ Tf.
b) Define a complete metric space. Show that C[a, b] is not complete under integral metric.
c) Prove that a metric space is compact if and only if it is sequentially compact.
3. a) If X is a finite dimensional normed linear space, then prove that any two norms on X are
equivalent. Does the converse hold true? Justify.
b) Is there any result which guarantees the uniqueness of the norm attaining point of a
bounded linear operator? Discuss.
c) Let X be a Banach space. Prove that X is reflexive if and only if X* is reflexive.

PAPER VI1II: NUMERICAL ANALYSIS

1. a) Use Bairstow's method to extract a quadratic factor of the form x* — px — g froma
polynomial Choose p = 1,q = 2.
b) Explain the Householder method to reduce the following matrix in to tri-diagonal form

1 4 0
A=| 4 1 -4
0 -4 2

2. ) Fit both linear and quadratic curve for a function f(x) = ﬁover an interval [0, 1] with

respect to the weight function w(x) = 1 using least square approximation method.
b) Find the cubic spline interpolation polynomial in the interval [0,4] for the following data:

X 0 1 2 3 4
y 3 3 9 27 |63
Given s"'(0)=s"(4) = 0.
3. ) Solve an initial value problem = = =
Predictor-Corrector method, choose = = 0.2,
b) Find the solution of a BVP y" —2y'+4y =sin x v{0) = @, v(1) = 0 using finite difference
method, choose h = 0.25.

, ¥(0) = 0Ointherange 0 =x =1using Milne’s
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